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An experimental investigation of the temporal dynamics of a diode laser subject to optical
feedback from an external cavity containing a cell filled with cesium vapor has been performed.
Peculiar dynamic regimes, such as self-pulsing, low-dimensional, and high-dimensional chaos,
characterized by a new time scale, much longer than the time scales of all instabilities taking
place in diode lasers under standard feedback conditions, have been identified.

1. Introduction

Diode lasers exposed to optical feedback from an ex-
ternal cavity containing an atomic absorber are sys-
tems of great interest in the fields of spectroscopy,
atomic physics and quantum optics, as they pro-
vide stable sources, with very narrow linewidth, on
resonance with atomic transition frequencies. In re-
cent years, these systems were widely investigated,
mainly for the purpose of improving the spectral
performance of the lasers and achieving an absolute
frequency stabilization [Cuneo et al., 1994; Kitch-
ing et al., 1994; Liu et al., 1994]. On the contrary,
there was no knowledge about the nonlinear dynam-
ics and chaotic properties of these systems. In this
paper, we provide a description of such properties
and identify distinctive features of the dynamics re-
lated to the presence of the absorber.

We report on experimental investigations per-
formed on an extended-cavity diode laser contain-
ing a cell filled with cesium vapor, in a saturation
spectroscopy configuration [Schmidt et al., 1994].

We focus on the temporal dynamics of the system,
showing that the presence of the atomic absorber
inside the feedback cavity produces characteristic
dynamic regimes, which take place on a peculiar
time scale, much longer than the time scales typi-
cal of the dynamics of laser diodes under standard
feedback conditions. Starting from a stable operat-
ing regime characterized by self-locking of the laser
frequency to the central Lamb dip of the saturated
absorption spectrum of the Cs D5 line, we have ob-
served, with increasing detuning from the atomic
resonance, a self-pulsing regime of the laser out-
put in the form of a sequence of intensity dropouts
and, eventually, a chaotic regime. Taking advan-
tage of the fact that the dynamics of the system
takes place on different time scales, spaced at least
by three—four orders of magnitude, we have sepa-
rated the slow dynamics induced by the absorber.
Due to its long time scale, this dynamics is very
easily accessible experimentally. The experimental
time series have been analyzed with the time-delay
method so as to reconstruct embedding portraits
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and recurrence plots. The attractors in the phase
space of the laser system have been characterized
quantitatively by computing the Lyapunov expo-
nent spectrum and the correlation dimension. From
this analysis, it turns out that the signal observed
for large detuning from the atomic resonance shows
high dimensional chaos, characterized by two posi-
tive Lyapunov exponents. This feature could either
pertain to the hyperchaos [Rossler, 1979] or to the
coexistence of different chaotic attractors. The dy-
namics, either periodic or chaotic, observed out of
the locking range, within a certain range of detuning
from the atomic resonance, is characterized by the
long time scale mentioned above. This time scale is
absent in the dynamics of laser diodes in the stan-
dard feedback set-up, and therefore, it identifies,
among the operation regimes of the extended-cavity
laser, those which are determined by the presence
of the atomic absorber.

Extended-cavity diode lasers with intracavity
atomic absorber have never been studied previously
from the point of view of nonlinear dynamics. In [di
Teodoro et al., 1997], we discussed the spectral fea-
tures of this system, pointing out that the presence
of the absorber substantially modifies the mode pat-
tern in the phase space of the extended-cavity laser.
We also developed a rate equation model suitable
for the interpretation of the spectral phenomena,
which could not provide, however, a description of
the global dynamics. In the absence of a compre-
hensive theoretical model for the system considered,
the analysis performed here makes it possible to
infer general information on the dynamics in the
phase space from the measured time dependence of
the laser emission.

This paper is organized as follows: In Sec. 2
we describe the experimental apparatus and the
measurements performed. In Sec. 3 we illustrate
the observed dynamic evolution of the laser emis-
sion and discuss the results of the time-series anal-
ysis. Conclusions and final remarks are presented
in Sec. 4.

2. Experimental

The experimental setup is shown schematically in
Fig. 1. The observations were performed using
a Spectra Diode Laser SDL-5400. The laser was
optically coupled, through an antireflection coated
collimating objective, to an external cavity termi-
nated by a diffraction grating, placed 46 cm from

the laser. A 4 cm long cell containing Cs vapor
at the equilibrium density at room temperature
was inserted within the external cavity. A frac-
tion of the laser intensity was extracted from the
external cavity by means of a beam splitter with
less than 10% reflectivity and used for the detec-
tion. To avoid unwanted feedback from optical
surfaces in the measuring equipment, a magneto-
optical isolator providing 40 dB of attenuation for
counterpropagating light was placed on the path of
the extracted beam. A scanning confocal Fabry-
Perot spectrum analyzer, model 240 by Coherent,
was used to detect the optical spectrum of the
laser emission. Absolute optical frequency mea-
surements were performed by comparing, with the
spectrum analyzer, the laser frequency and the fre-
quency of a reference diode laser. The reference
laser was locked, through a standard technique of
hybrid optical and electronic feedback, to the tran-
sition F = 4 — F' = 5 of the Cs Dy line. The
temporal evolution of the output laser intensity was
detected, simultaneously with the spectral measure-
ments, by means of an avalanche photodiode with
1.2 GHz cutoff frequency. The photodiode signal
was monitored with a Tektronix TDS540 digital os-
cilloscope, with 500 MHz bandwidth.
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Fig. 1. Scheme of the experimental set-up. DL, diode laser;
CO, collimating objective; Cs, cesium cell; BS, beam split-
ters; G, diffraction grating; PZT, piezoelectric transducer;
Iso, magneto-optical isolator; Ref, reference diode laser; FP,
scanning confocal Fabry-Perot spectrum analyzer; APD,
avalanche photodiode.
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The diffraction grating terminating the exter-
nal cavity was mounted on a piezoelectric trans-
ducer, fixed to a mirror mounting. A continu-
ous tuning of the laser wavelength within a range
of tens of nanometers was achieved by combining
the rotation of the grating and the variation of
the cavity length through the piezoelectric trans-
ducer. For laser frequencies far from the Doppler-
broadened absorption line of the atoms, the feed-
back power ratio was estimated, including losses at
the optical surfaces within the external cavity, as
about 30%.

In the feedback scheme considered, the light
field emitted from the output facet of the diode
laser, tuned to the Ds line, passes through the
atomic vapor cell as a pump field and, after be-
ing attenuated by the vapor, is retroreflected and
used as a counterpropagating probe field, which is
fed back into the laser cavity. At the center of any
hyperfine transition of the D3 absorption line, the
pump beam bleaches a hole in the absorption spec-
trum of the weaker probe beam. Therefore, the
probe transmission, and hence the optical feedback
intensity, is resonantly enhanced when the laser fre-
quency matches one of the principal transition or
crossover lines [Schmidt et al., 1994]. The satu-
rated medium also modifies, due to its dispersive
properties, the feedback phase. As an effect of the
frequency-dependent changes produced by the in-
tracavity absorber on the feedback parameters, we
observed single-mode emission with frequency lock-
ing to an atomic resonance, as well as multi-mode
operation with each oscillation frequency locked to
a different sub-Doppler feature of the atomic ab-
sorption spectrum. This is a clear evidence of the
influence of the atomic absorber on the laser oper-
ation. An extensive analysis of the results of the
spectral measurements performed on this system is
reported in [di Teodoro et al., 1997], where a dis-
cussion of the absorption and dispersion properties
of the atomic vapor under saturation spectroscopy
conditions is included.

3. Temporal Dynamics and
Time-Series Analysis

Mono-mode self-locked operation was obtained
within a locking range of ~160 MHz around the fre-
quency of the hyperfine transition F = 4 — F' =
5. The corresponding laser emission had a stable
intensity, with a low noise level. Out of the lock-

ing range, in the low-frequency direction, unsta-
ble regimes in the emitted intensity were observed.
The time dependence of the laser output was de-
tected while varying, as a control parameter, the
free spectral range (FSR) of the external cavity by
means of the piezoelectric transducer. Here we in-
dicate the relative difference of external-cavity FSR
with respect to the case of self-locked operation
as Av.

Figure 2(a) illustrates a portion of the time
series of the laser output intensity i(t) recorded
for Av = 120 MHz. The laser output experiences
dropouts which decrease the absolute intensity by
about 30%. The dropout pattern appears to be
periodic with a time scale of about 0.1 ms. The
power spectrum of the signal, calculated by fast
Fourier transform (FFT), and shown in Fig. 2(b), is
characterized by a few, well separated dominant fea-
tures. This is consistent with the picture of a pe-
riodic signal. The observed period of the dropouts
might be qualitatively associated with characteris-
tic time scales of optical pumping processes within
the absorber. For instance, the mean time for diffu-
sion of Cs atoms at room temperature through the
laser beam cross-section is of the order of tenths
of millisecond [Schmidt et al., 1994]. We should
also notice that all documented intensity instabili-
ties occurring in diode lasers subject to mere optical
feedback from an external reflector take place on a
much faster time scale. For example, in the regime
of feedback intensity adopted in our experiment,
extended-cavity diode lasers without absorber typ-
ically exhibit dropouts of the output intensity,
called low-frequency fluctuations (LFF), character-
ized by a mean repetition rate of hundreds of MHz
[Cerboneschi et al., 1993]. The intensity dropouts
in Fig. 2(a) resemble, in shape, the LFF dropouts.
However, in addiction to the difference in time
scale, a clear distinction of the self-pulsing phe-
nomenon detected in our system with respect to
LFF is the periodicity. In fact, LFF appear as in-
tensity fluctuations irregularly spaced in time and
their phase-space dynamics is very complex and de-
scribed in terms of chaotic itinerancy [Sano, 1994].
Sub-nanosecond dynamics, which is not detectable
with our measuring equipment, is also involved in
the low-frequency fluctuation regime [Fischer et al.,
1996].

The time series of the output laser intensity
have been processed with the time-delay method
[Packard et al., 1980]. Let i(t) be the time de-
pendent laser intensity, measured at equal sampling
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intervals 4 in the temporal window (0, 7), where, for
the signals recorded in our experiment, = 2 us and
7 = 32 ms. A portrait of the phase trajectory of the
system is represented by the set of m-dimensional
embedding vectors IT defined as

17 = {i(nd),

i(nd+T),...,ind + (m—1)T]},

n=20,..., 85,
(1)

where the lag parameter T is an integral multiple of
the sampling interval § and S = [r—(m—1)T]/é. In
order to extract, from the time-delay portrait, both
qualitative and quantitative information about the
physics underlying the time series, a proper choice
of m and T is needed. The algorithms applied in our
analysis allowed us to test several values of m and
verify the convergence of the calculated quantities
for m > 3. The choice of parameter T" was based
upon the computation of the average displacement,
according to the method outlined by Albano et al.

[1988], Casdagli et al. [1991], and Rosenstein et al.
[1994]. The time-delay reconstruction was uti-
lized to calculate recurrence plots, as introduced by
Eckmann et al. [1987]. These plots are obtained,
after choosing an embedding dimension m and a
suitable radius r, as a square grid of S x S ele-
ments, in which a dot is displayed at coordinate
(k, n) whenever ||[I} —IZ|| < r. The embedding por-
trait corresponding to the time series in Fig. 2(a) is
depicted in Fig. 3(a) and suggests that the dynamics
of the laser intensity, in this regime, may be prop-
erly described by a limit cycle. Consistently, the
recurrence plot in Fig. 3(b) belongs to the so-called
periodic typology [Eckmann et al., 1987], since its
large-scale pattern is dominated by long lines par-
allel to the main diagonal, which would be the only
feature in the recurrence plot of a purely oscillatory
signal, superimposed to an array of regular blocks
emerging from stochastic fluctuations of the char-
acteristic frequencies.

A quantitative analysis of the time series has
been performed by evaluating the largest Lyapunov
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Fig. 3. Phase portraits for embedding dimension m = 3 (left-hand column) and recurrence plots for m = 10 (right-hand
column) extracted from the experimental time-series: (a) and (b) Ar = 120 MHz, (¢) and (d) Arv = 140 MHz, (e) and
(f) Ar = 200 MHz. The time lag used for the phase-portraits is T = 32, 24, and 16 us in (a), (c) and (e), respectively.

exponent, according to the method introduced by  zero, as expected for an asymptotically stable limit
Rosenstein et al. [1993]. For the signal in Fig. 2(a),  cycle [Parker & Chua, 1989].

the largest Lyapunov exponent, calculated for dif- In addition, the correlation dimension Dcorr
ferent embedding dimensions m, is nearly equal to  [Grassberger & Procaccia, 1983] has been extracted
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from the experimental signals as

dInCp,(r)

Deorr = lim_lim —-"—. (2)

m—o0 r—0

Here, the correlation sum Cp,(r) is given by

-

Cm(r) = 5577

Y er-I-1), ©
{n.k}

where © is the Heavyside step-function and {n, k}
is a set of indices such that |k —n| > t¢/d, teo being
a suitable cutoff time introduced to avoid artificial
correlations arising from too closely spaced embed-
ding vectors which may result from measurements
taken nearly at the same time. In our analysis, tco
was chosen as the inverse of the mean frequency
of the power spectrum of the signal, obtained by
FFT. The limit » — 0 is, actually, unreliable, be-
cause small values of r are blurred by noise and
limitations on experimental accuracy. In practice,
a plateau referred to as scaling region should ap-
pear in the plot of dInCp,(r)/dInr versus Inr. In
Fig. 4(a), such a plot is shown, for the time series
in Fig. 2(a), for several values of m and the scaling
region is clearly visible. The height of the plateau
represents the estimated value of the correlation di-
mension Deor. The result obtained, Deorr =~ 1, def-
initely confirms that the dynamics is described by
a limit cycle.

In Fig. 2(c), part of the time series acquired for
Av = 140 MHz is shown. In this case, the period
fades in an irregular pattern of dropouts and the
spectrum in Fig. 2(d) shows a broad-band struc-
ture. Although broad-band spectra may be associ-
ated with either stochastic or nonlinear determin-
istic processes, the exponential decay of the spec-
tral intensity at high-frequencies indicates chaotic
dynamics [Brandstater & Swinney, 1987]. The dis-
tortion of the phase portrait in Fig. 3(c) and the
sharp change in the pattern of the recurrence plot
in Fig. 3(d) support this interpretation. In par-
ticular, in the recurrence plot, the long lines par-
allel to the main diagonal appearing in Fig. 3(b)
are now fragmented in shorter segments, the length
of which has been proven to be inversely propor-
tional to the largest Lyapunov exponent [Zbilut &
Webber, 1992]. A more striking evidence of chaotic
behavior is provided by the largest Lyapunov expo-
nent, which is now positive [see Fig. 5(a)] and by
the value of Deorr Which is about 1.8 [see Fig. 4(b)].

The time series shown in Fig. 2(e) has been
recorded for Av = 200 MHz. The signal shows
no apparent regularity and the power spectrum
in Fig. 2(f) has a broad structure which also in-
cludes additional high-frequency components. The
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the time-series for m = 3: (a) Av = 140 MHz, (b) Av =
200 MHz.

phase portrait in Fig. 3(e) is markedly different from
the previous ones and the trajectory explodes in
a blurred and folded geometry indicating that the
embedding dimension m = 3 used for the portrait
is too low to provide reliable topological informa-
tion about the laser intensity dynamics. The recur-
rence plot in Fig. 3(f) belongs to the homogeneous
typology [Eckmann et al., 1987] and any small-
scale texture is hardly visible. Again, a positive
largest Lyapunov exponent is found [see Fig. 5(b)]
and the calculated value of Doy is about 6 [see
Fig. 4(c)].

The characterization of the chaotic regimes has
been completed with the computation of the entire
spectrum of Lyapunov exponents. For this pur-
pose, the algorithm introduced by Darbshyre and
Broomhead [1996] has been implemented in a

revised and noise-robust version described by
Banbrook et al. [1997]. The procedure has been
iterated in order to obtain the evolution of the
Lyapunov exponents within a certain time inter-
val and verify their convergence. The results are
shown in Fig. 5, for an embedding dimension m = 3.
Two positive exponents have been found for Av =
200 MHz and only one for Av = 140 MHz. The
calculation has been repeated for values of m up
to 10, producing no substantial difference. Indeed,
all additional Lyapunov exponents are negative in
both cases.

4. Summary and Conclusions

The temporal evolution of the light emitted by a
diode laser subject to feedback from an external
cavity containing a cell of Cs vapor in a satura-
tion spectroscopy configuration has been investi-
gated experimentally. Frequency locking to the cen-
tral Lamb dip of the saturated absorption spectrum
of the Dy line, accompanied by a stable laser emis-
sion has been observed. With increasing detuning
Av from the atomic resonance, within the range
0 < Av < 140 MHz, where the laser operation
appears to be strongly influenced by the presence
of the atomic absorber, the output intensity dis-
plays self-pulsing and low-dimensional chaos, which
take place on a time scale much longer than the
time scales typical of the dynamics of a diode laser
coupled to an external cavity with no absorber.
For larger values of Av, the laser emission shows
high-dimensional chaos, characterized by two pos-
itive Lyapunov exponents. Although the presence
of two positive exponents is commonly associated
with hyperchaos [Rossler, 1979], it might be ex-
plained, here, in terms of coexistence of different
attractors. The coexistence of attractors has been
demonstrated theoretically also for diode lasers un-
der usual feedback conditions [Masoller, 1994].

In the range of feedback strengths used in
our experiment, high-dimensional chaos has been
proven to underlie the dynamics of extended-cavity
diode lasers with no absorber [Sano, 1994; Mirasso
et al., 1997). On the other hand, our analysis
suggests that a low-dimensional attractor emerges
when, for relatively small detuning, the laser oper-
ation is dominated by the absorber. An interplay
between different chaotic attractors might explain
why no clear route to chaos has been observed. In
diode lasers coupled to an external cavity with no
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absorber, low-dimensional chaos, reached through
definite routes, has been identified in several works.
as, for instance, [Mork et al., 1992; Ye et al., 1993].

The time-, frequency-, and optical frequency-
domain analyses performed in this paper clearly de-
tect the same aspects of the phenomena investigated
and their mutual consistency has been regarded as
a significant test. The variety of dynamic regimes
identified in a range of laser frequencies close to the
atomic resonance, along with the ease of the ex-
perimental access to the slow absorber-induced dy-
namics, makes this system an interesting subject for
further experimental and theoretical investigations,
which would be required for a full understanding of
the nonlinear and chaotic properties described here.
For instance, it would be needed to explain how the
characteristic time scale induced by the absorber
emerges from the destabilization of the regime of
self-locking.
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